In the article, we investigate the influence of spring on the large deflections and stability of a spring-hinged cantilever subject to conservative tip force. Using the closed form solution of the equilibrium equation and closed form solution of Jacobi accessory equation, we determine the beam equilibrium forms and their stability. Also, the solution for spring-hinged cantilever bema subject to a follower force is given. Results are present in the graphical and the tabular form.
Introduction
Cantilever beam represents one of the most common construction element in mechanical and civil engineering [1] [2] [3] , and in recent decades also in robotics [4] , and in micro-and nano-engineering [5] [6] [7] [8] . Therefore, because of its importance, the study of the large deflection and stability of a cantilever beam has attracted numerous researches. Most of the works are devoted to clamped cantilever beam (see [9] [10] [11] [12] [13] [14] and reference therein). For the spring-hinged cantilever beam subject to a conservative force the literature is not extensive. A discussion of the stability of a spring-hinged cantilever beam is given in books [15, 16] where one can find the derivation of the formula for the buckling force using Euler's method. Rao and Raju [17] analyses the post-buckling behavior of the spring-hinged cantilever beam using the finite element method. Ohtsuki and Yasui [18] solve the large deflection of the spring-hinged cantilever beam under inclined force using elliptic integrals. These authors enhance their calculations with bending tests. Rao and Raju [19] calculate critical load parameter for the cantilever under axial force and distributed load using semi-analytic Rayleigh-Ritz method.
Another possible force acting on the cantilever is a follower force on which, especially arXiv:1812.09164 [physics.class-ph] 24/12/2018 08:50 for pure compressive one, there are different opinions [20] [21] [22] . Large deflections of a spring-supported cantilever subject to follower force using elliptic integrals were considered by Rao et all [23] . Rao and Rao [24] examine large deflections of a springhinged tapered cantilever beam subject to a rotational distributed loading using RungeKutta numerical integration. Shvartsman [25] considers large bending of a springsupported cantilever subject to follower force using numerical integration. For treatment of stability of the cantilever beam under a follower force using dynamical methods, we refer to [26, 27] and especially for spring-hinged cantilever beam to [28] [29] [30] [31] . For other elastically supported cases of beams, see [32] [33] [34] .
From the available literature, we conclude that the stability of post-buckling forms of the spring-hinged column beam has not yet been reported. Therefore, in this study, we aim to fill this gap. In the next section, we set up the governing equations of the problem using the principle of minimum total potential energy. The first variation of this energy leads to Euler equilibrium equation and its second variation to Jacobi accessory equation [35] which is used for accessing the equilibrium stability. In Section 3 we give the solution of these equations in terms of Jacobi elliptic function.
Then in Section 4 we provide some numerical examples and discuss the cantilever in compression in some details. Cantilever subject to a follower force is discussed in Section 5. Finally, the results are summarized in the last section. 
Problem formulation
We consider an elastic spring-hinged cantilever beam subject to force F.. The cantilever length is  , its flexural rigidity is EI , the rotational spring stiffness is c, and the force inclination angle is  (Fig 1) . The differential equations of the column base curve are
Basic equations
in which 0 s    is the arc length measured from column free end to its fixed end, 
The expression for the cantilever total potential energy  is
where  
1

 
  and  is the base curve curvature given by
For the equilibrium,  is to be minimum [16] . This means that the first variation of  must vanish and the second variation of  need to be positive. Below, we will for the derivation of the governing equations of the problems follows the well-known variational procedure [35] .
The first variation of  as given by (3) is, using (2),
where  is variation of  and d ds
. After integration by parts and using (4) for  , we obtain
By making 0   , we obtain the differential equation 
Thus, the cantilever equilibrium forms are solutions of second order ordinary differential equation (7) subject to boundary conditions (8) .
The second variation of  as given by (3) is
The condition 2 0    leads to the Jacobi accessory equation
and the following boundary conditions that are consistent with conditions (8)
We recall that by the Jacobi test the equilibrium shape of the beam is unstable if any nontrivial solution of (10) under the boundary conditions (11) has a solution (conjugate points) in 0 s    .
Solution
In the following, we will use Jacobian elliptic functions
and the complete elliptic integral of the first kind   K k . Also, we will use the following derived Jacobian elliptic function
Equilibrium
We introduce the following non-dimensional parameters By using (12) the equation (7) and boundary conditions (8) 
The solution of (14) is [14, [37] [38] [39]  
where C is a constant of integration and k is the elliptic modulus. The base curve curvature is determined from (4)
Using (17) for  and (16) for  we from the boundary conditions (15) obtain the
From these we find
In this way, we reduce the problem to solving the equation (21) 
where
Stability
Using (12) we obtain from (10) and (11) the Jacobi's accessory equation in the
where    . The corresponded boundary conditions (11) become
The solution of (25) has the form [40] 
where 1 C , 2 C are constant of integration and
Substituting (27) 
where we omit the factor k . By Jacobi's test [35] , the necessary condition for As a verification of the above equations, we consider the case 2    (clamped cantilever). In this case, the equation (21) reduces to well-known  
where n is an integer. Also, the equation (30) becomes the equation for cantilever given in [40] (Eq 21 therein. In this equation first sign -should be +).
Examples
With the above solution, we can easily construct various bifurcation diagrams, loaddeflection diagrams and calculate a deformed beam shape. The stability of the beam shapes can be treated by a numerical solution of (30) using the procedure described in [41] . For all numerical calculations with elliptic functions we use Elfun18 library [42] .
To verify the present solution, we compare our calculations of the beam free end coordinates, and the tangent angle at the beam ends with those from [18] . The results are given in Table 1 where we can observe scatter but acceptable difference within 10% in all cases except that of 
The start point of branch is thus the solution of the system of equations (21) and (31) .
For each branch we have two solutions, i.e., each branch is split into two parts one for 0 k  (upper) and one for 0 k  (lower). We see from the figure that only the first branch can be stable; all other branches are unstable. The upper part of the first branch that emerges from the initial beam straight state is entirely stable (Fig 4) . The other, lower part, can be reached only by applying a force higher than a critical one to some pre-deformed shape (Fig 5) . Note, that this part is unstable from point A to B (see Fig   3) . The stationary point of the lower part is where 0 d dk   . This condition, using (21), leads to an equation which the same as equation (30) (21) and (30) .
We obtain a similar behavior also for other values of 2  and  , and for 2    we obtain the solution for the clamped beam which is discussed in [41] . Thus, we conclude that in general, only the first branch of the spring-hinged cantilever beam can be stable, all others are unstable. Table 4 . Trough we demonstrate the stability of the beam with the graphs, two cases can be treated analytically. The first case is a straight beam and the second is the case of small deflections.
The solution of (21) corresponds to the straight form is 0 k  . In this case we from (16) , (17), (23), (24) obtain.
To determine straight form stability, we consider ( . Graph of (34) is shown in Fig 7. For small k, i.e., small deflection, we obtain from (20), (21)  
and 0  is solution of
Future from (16), (17), (23), (24) we have
To assess the stability of small deflection, we substitute 1 
Comparing (36) and (43) we find that c    , i.e., the initial deflected form is stable.
Follower force
We obtain a solution for large deflection of the rod under follower force by setting [21] 0
where 0  is the free end tangent angle, and  is the angle between force and base curve tangent at the rod free end. Substituting this into the expression (16) for  and set
Substituting (44) into the characteristic equation, (21) we obtain the following formula for free end tangent angle
For each  and  we can thus calculate k from (45), 0  from (46) and  from (44).
In words: the problem has a unique solution, i.e., an equilibrium form of the springhinged cantilever under a follow force is unique. This generalizes results given in [21] 
Conclusions
For the spring-hinged cantilever beam under a pure compression force, we prove that its first buckled mode is unconditionally stable in the sense that the beam after buckling retains its loading capacity; all higher buckled modes are unstable. The springhinged cantilever beam under inclined force has two stable equilibrium solutions. One completely stable emerges from the initial state, and the other, partly stable is reached from a pre-deformed state. We also give an analytical solution for the cantilever subject to a follower force.
In the end, we add that an advantage of a closed form analytical solution of the problem, compared to other methods, is that we have on our disposal an exact 'big picture' of the solution, i.e., whole phase plane on which we can relatively easily determine equilibrium conditions and its stability.
